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We consider the fast charged particles scattering in ultrathin crystals on the base of the Born approx-
imation of quantum electrodynamics. The main attention is paid to the question of the scattering cross
section splitting into coherent and incoherent components when one of the crystallographic axes and planes
is oriented along the direction of particle motion. It is shown that both the coherent and the incoherent
components of the scattering cross section considerably depend on the orientation of the crystallographic
axes relatively to the incident beam. In particular, it was shown that when particles are scattered by the
crystal planes of atoms, the incoherent scattering cross section does not contain the Debye-Waller factor.
PACS: 03.65.Nk, 11.80.Fv
1. INTRODUCTION
When fast charged particles pass through mat-
ter, various coherent and interference effects are
possible in their interaction with the atoms of the
medium. The existence of such high-energy effects in
ultrarelativistic electrons radiation in oriented crys-
tals was noted in the work of Ter-Mikaelyan [1] and
in an amorphous medium in the work of Landau and
Pomeranchuk [2]. Similar effects appear in other elec-
tromagnetic processes at high energies, such as the
electron-positron pairs formation, ionization energy
losses of particles in substances, etc. (see the mono-
graphs [3][4] and references in this them). Such ef-
fects are caused by interaction of particles with atoms
of the medium within coherence lengths (formation
lengths) of these processes, which at high energies
can be macroscopic size.
Of particular interest is the process of fast
charged particles scattering in thin layers of a sub-
stance, since the coherent and interference scattering
effects in this case are the most considerable. More-
over, in some cases it is possible to develop methods
and approximations to describe the scattering process
in thin layers of matter, which significantly simplify
the analysis of the scattering process. One of them is
based on the consideration of the scattering process
in the Born approximation of the quantum scattering
theory. The present paper aims to analyze the fast
particles scattering in a crystal in this approxima-
tion. It was shown that in the Born approximation
it is possible to consider easily the contribution of
atoms arrangement in matter to the scattering and
to examine from a single point of view the fast par-
ticles scattering in thin crystals both when particles
fall on the crystal along one of its crystallographic
axes and planes. The main attention is paid to the
analysis of the applicability conditions of the Born
approximation in this problem and to the compara-
tive analysis of the scattering characteristics for the
different atoms arrangement in the crystal relatively
to the incident beam.
2. DIFFERENTIAL CROSS SECTION
OF FAST PARTICLES SCATTER-
ING IN MATTER
Let us consider the fast charged particle scatter-
ing at small angles in a thin layer of matter. The po-
tential energy of particle interaction with the atoms
of the medium in this case is the sum of the potential
energies of its interaction with each atom:
U (~r) =
N∑
n=1
u (~r − ~rn) (1)
where ~rn is the position of atom in the medium
and N is amount of atoms in the medium.
The potential energy U (~r) is a complicated coor-
dinate function, depending on the atoms arrangement
in the medium, which can be either regular (crystal)
or random (amorphous medium). Therefore, to de-
scribe the scattering process in such structures, it is
important to choose efficient approaches and approx-
imations, which make it possible to carry out calcula-
tions in fields of complex configuration. Such meth-
ods, particularly, include methods based on the Born
and eikonal approximations of the quantum scatter-
ing theory, since one does not need to specify the
U (~r) function.
So, for half-integer spin particles the differential
scattering cross section averaged over the polariza-
tions of the initial particles and summed over the po-
larizations of the final states has the following form
in the first Born approximation (in this paper we use
the system of units where the light velocity c = 1)
[5]:
dσ
do
=
ε2
4pi2}2
|Uq|2
(
1− ~q
2
4ε2
)
(2)
where do is the solid angle element along the
scattering direction, ε is the particle energy, Uq is
the Fourier component of U (~r) and ~q = ~p− ~p ′ is the
transmitted momentum to the external field when the
particle was scattered.
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Substituting in (2) the potential energy of the
particle interaction with atoms of the substance (1),
we obtain the following expression for the scattering
cross section:
dσ
do
=
∣∣∣ N∑
n=1
ei
~q~rn
}
∣∣∣2 dσ(1)
do
(3)
where dσ
(1)
do is the scattering cross section in the
field of a separate atom of the medium [5]
dσ(1)
do
=
ε2
4pi2}2
|uq|2
(
1− ~q
2
4ε2
)
(4)
and uq is the Fourier component of the poten-
tial energy of the particle interaction with a separate
atom of the medium. Thus, in the first Born approxi-
mation, the scattering cross section in a substance dif-
fers in the diffraction factor D from the correspond-
ing cross section of scattering by a single atom of the
medium:
D =
∣∣∣ N∑
n=1
ei
~q~rn
}
∣∣∣2 (5)
If there are no diffraction effects in scattering,
then
D = N, and therefore,
dσ
do
= N
dσ(1)
do
. (6)
This situation corresponds to the particles scat-
tering in a rarefied medium, when the atoms are at
large distances from each other.
At high energies, the particles scattering angles
in a substance are typically small compared to unity.
Moreover, if scattering occurs in a thin layer of a sub-
stance, then under the condition
qlL 1 (7)
where ql = ~q
2
2p is the longitudinal component
of the transmitted momentum ~p and L is the tar-
get thickness, in (3) we can neglect the dependence
of the scattering cross section on ql . In this case, the
diffraction effects in scattering are determined only
by the distribution of atoms in the target in the plane
orthogonal to ~p . Moreover, in particular, if all the
atoms are located along a line parallel to ~p , then,
according to (3),
dσ
do
= N2
dσ(1)
do
. (8)
The proportionality of the scattering cross sec-
tion to the squared number of atoms in the target in
this case indicates a coherent scattering effect.
The applicability condition for the Born approx-
imation in describing the process of coherent scatter-
ing by a string of crystal atoms (8) has the following
form [4]:
NZe2
}v
 1 (9)
where Z|e| is the charge of the nucleus of an
atom in the string and v is the particle velocity. This
condition is rapidly violated with increasing the num-
ber of atoms in the string. In description of the pro-
cess of particles scattering by a string of atoms, in
this case, it is necessary to go beyond the Born ap-
proximation. Such description for high energies could
be based on the eikonal approximation of the quan-
tum scattering theory. The differential cross section
of scattering for unpolarized particles in this approx-
imation has the following form [4]
dσ
do
=
p2
4pi2
∣∣∣∫ d2ρei ~q⊥~ρ} (eiχ(~ρ)} − 1)∣∣∣2 (10)
where ~ρ = (x, y) are coordinates in orthogonal
to ~p plane and χ (~ρ) is the scattering phase,
χ (~ρ) = −1
v
∫ ∞
−∞
dzU (~ρ, z) (11)
The formula (10) is valid for fast particles scat-
tering at small angles in a localized field U (~r) , pro-
vided that the particle motion in this field is close to
rectilinear one [4]. This requires that corrections in
the eikonal scattering phase are small. This require-
ment is satisfied at sufficiently high particle energies,
since the noted corrections are proportional to p−1
[4]. As for the magnitude of the scattering phase
|χ (~ρ) | , it can be either small or large compared to
the Planck constant } .
Under the condition:
|χ (~ρ) |  } (12)
we can expand (10) with the small parameter
χ(~ρ)
} . In the first non-vanishing approximation of this
expansion, formula (10) transforms into the corre-
sponding result of the Born approximation (2). Thus,
inequality (12) is an applicability condition of the
Born approximation for describing the fast particles
scattering in matter.
For particles scattering on a string of atoms,
condition (12) leads to the inequality (9), which de-
termines the applicability condition of the Born ap-
proximation for the problem of fast particles coherent
scattering in a thin crystal. When a particle is scat-
tered in an amorphous medium, inequality (12) can
be written in the following form:
L
lMFP
Ze2
}v
 1 (13)
where L is the target thickness and lMFP is the
mean free path of a particle in a substance between its
successive collisions with atoms. Here, LlMFP repre-
sents the number of collisions of a particle with atoms
during the passage of a target of thickness L. If con-
dition (13) is violated, it is necessary to consider ef-
fects associated with the multiple particle scattering
by atoms in an amorphous medium.
3. BORN APPROXIMATION FOR
THE FAST PARTICLES ELASTIC
SCATTERING CROSS SECTION IN
ORIENTED CRYSTALS
Let us consider the fast charged particles scat-
tering in a thin crystal at small angles as particles
fall along one of the crystallographic axes (z axis).
By the thin crystal we mean a crystal which thick-
ness satisfies condition (7). In this case, the particle
scattering cross section in the first Born approxima-
tion is determined by formula (3).
The positions of atoms in the crystal have a pe-
riodic structure with a small positions deviation ~un
of each atom relatively to its equilibrium positions
~r 0n =
(
~ρ 0n , z
0
n
)
:
~rn = ~r
0
n + ~un. (14)
This spreading of atoms positions is due to
atoms thermal vibrations in the lattice and it leads to
necessity of averaging the formula for the scattering
cross section (3). Let us assume for simplicity here-
after that the ~un distribution function is Gaussian
f (~u) =
1(
2piu2
) 3
2
e
− ~u2
2u2 (15)
with the mean squared amplitude of the thermal
vibrations of atoms along each crystallographic axis
equal to u2 = u2x = u2y = u2z . Firstly, let us con-
sider the simplest case of a particle scattering on a
string of Nz atoms located along the direction of the
incident particles momentum, z -axis. As a result of
averaging over atoms thermal vibrations, in this case
we find the following expression for the mean value
of the scattering cross section (3) at small angles
4pi2〈 d2σ
dq2⊥
〉 = Nz
(
1− e− ~q
2u2
}2
)
|u~q|2+
+N2z e
− ~q2u2}2 |u~q|2 (16)
The first term in (16) does not depend on the
atoms arrangement in strings. This term determines
the incoherent effects in scattering. The interference
effects in the particle (plane wave) scattering by crys-
tal atoms are determined by the second term in (16).
Now we consider the scattering on a set of strings
of atoms in the crystal, located periodically in the
(x,y) plane, orthogonal to the momentum ~p of the in-
cident particles. Later we will consider the simplest
version of the atoms distribution in such crystal, cor-
responding to a crystal with a cubic lattice with dis-
tance a between atoms along each axis. From the
energy and momentum conservation laws it follows
that the longitudinal component of the transmitted
momentum qz is determined by the relation
qz =
q2⊥ + q
2
z
2p
(17)
For a fixed value of the transverse component of
the transmitted momentum q⊥ =
√
q2x + q
2
y and suf-
ficiently high values of the particle energy, condition
(7) is always satisfied. Under this condition we can
neglect the dependence of the scattering cross section
(16) on qz . The diffraction factor in (16) in this case
after averaging over atoms thermal vibrations has the
following form
D = Nz
(
1− e−
q2⊥u2
}2
)
+
+N2z
∣∣∣∑Nx,Nynx,ny=1 ei ~q⊥~ρ 0n} ∣∣∣2e− q2⊥u2}2 . (18)
where Nx , Ny and Nz are numbers of atoms
along x, y and z axes, N = NzNxNy is the total
amount of atoms in the crystal.
The quadratic dependence of the diffraction fac-
tor on Nz leads to a coherent scattering effect in the
provided case of the crystal axes orientation relatively
to the direction of the incident particles momentum.
In particular, for scattering in crystal on its sepa-
rate string of atoms located strictly on the z axis,
the scattering cross section (18) transforms into the
corresponding result (16) of the coherent scattering
theory for particle scattered by a string of atoms (in
this case, Nx = Ny = 1 and u2 → 0 ).
If the positions of crystal strings axes in the
transverse plane form a random structure, then aver-
aging over the positions of the strings of atoms in the
transverse plane, we obtain the following expression
for the differential scattering cross section in this case
〈 d2σ
dq2⊥
〉 = 14pi2
{
N
(
1− e−
q2⊥u2
}2
)
+
+N2zNxNye
− q
2
⊥u2
}2
}
|uq⊥ |2 (19)
Formula (19) shows that with the random ar-
rangement of crystal strings axes in the (x, y) plane,
there is no interference effect in scattering on differ-
ent strings of atoms, while during scattering on each
string of atoms the coherent effect is present.
When atomic strings are periodically arranged
in the transverse plane, summation in the diffraction
factor (18) leads to the following result
Dcoh = N
2
z
sin2
(
Nxaqx
2}
)
sin2
(
aqx
2}
) sin2
(
Nyaqy
2}
)
sin2
(aqy
2}
) (20)
For large values of Nx and Ny we obtain
Dcoh = N
2
zNxNy
(2pi)
2
a2
∑
g
δ
(
~q⊥ − ~g
}
)
(21)
where δ (~q⊥ − ~g) two-dimensional Dirac delta
function and ~g = (gx, gy) = 2pia (nx, ny) is recipro-
cal lattice vector. The differential scattering cross
section in this case has the following form
〈 d2σ
dq2⊥
〉 = N4pi2
{(
1− e−
q2⊥u2
}2
)
+
+Nz
(2pi)2
a2
∑
g δ
(
~q⊥−~g
}
)
e−
q2⊥u2
}2
}
|uq⊥ |2 (22)
It follows from formula (22) that in addition to
the coherent effect of scattering on each string of
atoms in this case, there is also an interference ef-
fect of particle (plane wave) scattering on different
strings of atoms.Due to the interference effect, the
transmitted pulse transverse component has discrete
values ~q⊥ = ~g . In the term in (22), which determines
incoherent effects in scattering, there is no such in-
terference effect.
Thus, the differential cross section for fast
charged particles scattering in a thin crystal sub-
stantially depends on the arrangement of atoms and
groups of atoms in the target. In this case, when
particles move along one of the crystallographic axes,
both coherent effect in scattering by crystal strings of
atoms and interference effect associated with scatter-
ing by different strings of atoms are possible. Con-
sidering the thermal spread of atoms positions in the
lattice leads to a splitting of the cross section into the
sum of coherent and incoherent cross sections. The
incoherent scattering cross section does not depend
on the location of atoms in the target and slightly
differs from the corresponding scattering cross sec-
tion in an amorphous medium.
4. SCATTERING BY CRYSTALLINE
PLANES OF ATOMS
Of particular interest is the case of the fast
charged particles incidence on a crystal along one
of the crystallographic planes, since the scattering
of particles in different directions are in this case of
different types. In this connection, we consider scat-
tering by a system of crystalline planes periodically
arranged along the x -axis (see Fig. 1), assuming for
simplicity that atoms positions in each of planes are
equally probable (the x -axis is perpendicular to the
crystalline planes of atoms (y,z)).
The averaging procedure of the scattering cross
section (3) in this case is connected to the diffrac-
tion factor (5), in which the position components
~rn = (xn, yn, zn) of each atom have the following
form
xn = anx + unx,np , yn = ynx,np , zn = znx,np , (23)
where index nx is a plane of atoms index num-
ber, np is atom index number in the plane and unx,np
is thermal deviation of np -th atom in nx -th plane
from the x -axis.
Fig. 1. Scattering by periodic planes of atoms
with homogeneous distribution of atoms
Using (23) we obtain the following expression for
diffraction factor D:
D =
∣∣∣∑Nxnx=1 ei qxanx} ×
×∑Npnp=1 exp [i qxunx,np+qyynx,np+qzznx,np} ]∣∣∣2,(24)
where Nx is the number of crystalline planes ar-
ranged along x -axis and Np is the number of atoms in
each plane (it is assumed that the numbers of atoms
in each plane are the same).
Due the equiprobability of the positions of atoms
in each plane and assuming that the law of thermal
displacement of each atom along the x axis has a
Gaussian form with the same squared displacement
along this axis equal to u2 , we arrive at the follow-
ing expression for the average value of the diffraction
factor D :
〈D〉 =∏Nxkx=1∏Npkp=1 ∫∞−∞ dux,kx,kpf (ux,kx,kp)×
× ∫ Ly2−Ly2 dykx,kpLy ∫ Lz2−Lz2 dzkx,kpLz D, (25)
where Ly and Lz are crystalline plane sizes along
y - and z -axis and
f
(
ux,kx,kp
)
=
1√
2piu2
exp
(
−
u2x,kx,kp
2u2
)
. (26)
The integrals in (25) in each term have the fol-
lowing structure if nx 6= n′x and if nx = n
′
x , np 6= n
′
p
∫ Ly
2
−Ly2
dynx,np
Ly
∫ Ly
2
−Ly2
dy
n
′
x,n
′
p
Ly
ei
qy
(
ynx,np−yn′x,n
′
p
)
} =
=
(
sin
(
qyLy
2}
)
qyLy
2}
)2
(27)
If nx = n
′
x and np = n
′
p , then this integrals are
equal to unity.
The integrals related to averaging over znx,np
and zn′x,n′p have a similar structure. However, in this
case under the condition qzLz2  } all terms of aver-
aging over these variables are equal to unity.
For nx 6= n′x and for nx = n
′
x , np 6= n
′
p integrals
of averaging over the thermal vibrations of ux atoms
have the following form
∫ Ly
2
−Ly2
dux,nx,npf
(
ux,nx,np
)×
∫ Ly
2
−Ly2
dux,n′x,n
′
p
f
(
ux,n′x,n
′
p
)
ei
qx
(
ux,nx,np−ux,n′x,n
′
p
)
}
= e−
q2⊥u2
}2 (28)
If nx = n
′
x and np = n
′
p , then these integrals
are equal to unity.
Substituting obtained averaging results in (25),
we find that
〈D〉 =
Nx∑
nx=n
′
x
Np∑
np=n
′
p
1 +A
Nx∑
nx=n
′
x
Np∑
np 6=n′p
1+
+A
Nx∑
nx 6=n′x
ei
qxa
(
nx−n
′
x
)
}
Np∑
np,n
′
p=1
1, (29)
where
A = e−
q2⊥u2
}2
 sin
(
qyLy
2}
)
qyLy
2}
2 . (30)
Adding in (29) to terms containing np 6= n′p and
nx 6= n′x summands, terms with np = n
′
p and, re-
spectively, nx = n
′
x and subtracting similar terms,
we obtain (29) in the form
〈D〉 = NxNp +ANx
(∑Np
np,n
′
p
1−Np
)
+
+AN2p
(∑Nx
nx,n
′
x=1
ei
qxa
(
nx−n
′
x
)
} −Nx
)
(31)
As a result, we find that
〈D〉 = NxNp (1−A) +N2pA
sin2
(
Nxqxa
2}
)
sin2
(
qxa
2}
) (32)
For large Ly and Nx values we have
A = e−
q2⊥u2
}2 2pi
Ly
δ
( qy
}
)
,
sin2(Nxqxa2} )
sin2( qxa2} )
= Nx
2pi
a
∑
g δ
(
qx−g
}
)
, (33)
where g = 2pina and n = 0,±1, . . . . Substituting
(33) in (32) results in
〈D〉 = NxNp
(
1− 2piLy δ
( qy
}
)
e−
q2⊥u2
}2
)
+
+NxN
2
p
2pi
Ly
δ
( qy
}
)
2pi
a
∑
g δ
(
qx−g
}
)
e−
q2xu
2
}2 . (34)
Noting that the total number of atoms in the
crystal is N = NxNp and that the number of atoms
in each plane is Np = n⊥LyLz , where n⊥ is the
density of atoms in a separate plane, we find that
if Ly → ∞ the scattering cross section (3) has the
following form
〈 d2σ
dq2⊥
〉 = N
{
1 + n⊥Lz
(2pi)2
a δ
( qy
}
)×
×∑g δ ( qx−g} ) e− q2xu2}2 } 〈d2σ(1)dq2⊥ 〉 (35)
The first term in braces determines the incoher-
ent effects in scattering. This term is proportional to
the number of atoms in the crystal and completely
coincides with the corresponding result of the scat-
tering theory for amorphous medium. The second
term determines the coherent and interference effect
in scattering. This term has an additional factor pro-
portional to the thickness of the crystal, due to which
the scattering of particles by the crystal is intensi-
fied compared to scattering in amorphous medium.
This intensification of scattering is connected to cor-
relations in particle collisions with atoms of separate
crystalline planes of atoms. The number of such colli-
sions and the corresponding intensification in the case
is in the order of K ∼ LzR/a2 .
Delta function δ (qx − g) in the second term in
(35) is due to the interference effect in scattering by
different crystal planes arranged periodically along
the x -axis.
In the case of particle scattering on the crystal
planes of atoms, there is no Debye-Waller factor in
the term that determines incoherent effects in scat-
tering.
We note that formula (35) can also be obtained
from formula (22) if, deriving the latter, we consider
different deviations of the atoms positions in the x
and y directions and formally set the value of this
deviation along the y-axis as
√
u2y , which tends to
infinity. Moreover, in (22), we should replace the
Debye-Waller factor e−
q2⊥u2
}2 with the e−
q2xu
2
x
}2 e−
q2yu
2
y
}2
and use the relation [6]
e−
q2yu
2
y
}2 ≈ }
√
pi√
u2y
δ (qy) (36)
which can be used if
√
u2y →∞ .
Then the last term in (22) is proportional to the
product of the delta-functions:
1
Ly
∑
qy
δ (qy − gy) δ (qy) = δ (qy)
2pi
(37)
5. DISCUSSION
The obtained results indicate that, in the Born
approximation of quantum theory, the cross section
of elastic scattering of fast charged particles in a thin
crystal splits into cross sections of coherent and inco-
herent scattering. The coherent scattering cross sec-
tion determines interference effects in the scattering
of a particle by numerous atoms of a crystal. This
cross section significantly depends on the orientation
of the crystallographic axes and planes with respect
to the motion direction of the particles incident on the
crystal. Moreover, if the particle passes the crystal
along one of the crystalline axes, then on the condi-
tion
L }q−1z =
2}p
q2⊥
(38)
there is a coherent effect in scattering by strings
of crystal atoms located along this axis. This ef-
fect is manifested in the quadratic dependence of the
scattering cross section on the number of atoms in
a string. The scattering cross section in this case is
in fact determined by the continuous potential of the
atomic strings of the crystal, i.e. by the lattice poten-
tial averaged over z-axis, which is widely used in the
theory of the axial channeling phenomenon in a crys-
tal [7]. Thus, the concept of the continuous potential
of atomic strings of a crystal naturally appears in the
Born theory of particles scattering in thin crystals,
that is, under conditions when the channeling phe-
nomenon is absent.
Accounting the periodicity of atoms strings axes
in a crystal in the transverse plane leads to an in-
terference effect in the scattering of a particle (plane
wave) by different strings of atoms, this effect consists
in that the transverse components of the transmitted
momentum are equal to corresponding components of
reciprocal lattice vector, multiplied by integer values.
However, if positions of the strings axes in the trans-
verse plane can be formally considered random (this
situation corresponds to the conditions for the dy-
namic chaos occurrence during particle motion in the
crystal [8]), there is no interference effect in scattering
and the values of the components of the transmitted
momentum ~q⊥ can be arbitrary.
The incoherent scattering cross section does not
depend on the orientation of the crystal axes rela-
tively to the incident beam. This cross section, how-
ever, differs a bit from the corresponding cross sec-
tion for particle scattering in an amorphous medium.
The difference is due to the presence in the cross
section of an additional term containing the Debye-
Waller factor exp
(
−~q2⊥u2
)
. With this term, the in-
coherent scattering cross section is about 10% smaller
than the corresponding cross section in an amorphous
medium. For u2 →∞ , this addend to the scattering
cross section, as well as the coherent scattering cross
section disappear, and the scattering cross sections of
particles in an amorphous medium and in a crystal
coincide.
A similar situation with the splitting of the scat-
tering cross section of fast charged particles in a crys-
tal into coherent and incoherent components is also
possible with the passage of particles along thin (lon-
gitudinally) crystalline planes of atoms. In this case,
however, new variations of scattering appear due to
the different origin of the atoms distribution in the
crystalline planes of atoms (regular and random) and
the presence of periodically arranged atomic planes.
Moreover, as shown in the work, for a random ar-
rangement of atoms in each plane in the incoherent
scattering cross section, there is no term containing
the Debye – Waller factor and this cross section co-
incides with the corresponding cross section for the
amorphous medium. The coherent scattering cross
section corresponds to the scattering cross section
in the field of the continuous potential of the crys-
tal planes of atoms (since the momentum transferred
with qy = 0 contributes to this cross section). We
note that the crystalline planes of atoms consist, gen-
erally speaking, of crystal strings of atoms, located in
these planes parallel to each other. In this case, how-
ever, if the particles incidents on the crystal along
the crystal strings of atoms at large angles to these
strings (angles about
1 > ψ & Ra ), then the correlations between succes-
sive collisions of the particles with the atoms of the
strings are destroyed. Collisions of a particle with
different atoms of the plane in this case can be con-
sidered as random. This model of the particle inter-
action with atoms of the plane significantly simplifies
calculations.
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